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Ž . pŽ . ŽLet A be a strongly elliptic operator of order 2m mN in L  1 pp
n.,  a bounded domain of R with Dirichlet or Neumann boundary conditions.
Of concern is the Cauchy problem for Schrodinger-type evolution equations in¨
pŽ .L 
u t  iA u t  0, t R ,Ž . Ž .p
Ž .½ u 0  u .Ž . 0
By showing that iA is the generator of a C group on a certain interpolationp 0
Ž .space, we obtain results of wellposedness for  , which are stronger than those
pŽ .derived from the regularized or integrated groups on L  . As a by-product, it is
Ž .r Ž .shown that iA is the generator of a  A -regularized group  0 onp p
pŽ .L  for all




 , if p 1,.
4m
 2001 Academic Press
1. INTRODUCTION
Let  be a subset of the n-dimensional Euclidean space Rn. Of concern
pŽ .is the Cauchy problem for Schrodinger-type evolution equation in L ¨
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Ž .1 p 
u t  iA u t  0, t R ,Ž . Ž .p
1.1Ž .½ u 0  u ,Ž . 0
Ž . pŽ .where A is a strongly elliptic operator of order 2m mN in L  .p
n  For the case of A with constant coefficients and  R , Hieber 6p
pŽ .proved that iA generates an r-times integrated group on L  forp
	 r , if 1 p ,p , n
r ½ r , if p 1,,p , n
1 1where here and in the sequel r  n  , 1 p . It was alsop, n 2 p
 shown in 6 that the lower bound r is optimal for each m 1, 2, 3, . . . .p, n
 When  is bounded and m 1, Arendt 2, Theorem 4.3 and Keyantuo´
 7, Theorem 4.2 proved that iA , with Dirichlet or Neumann boundaryp
pŽ .conditions, generates an r-times integrated group on L  as well. The r
1  possesses in this case a lower bound r . It was shown in 5 that thep, n2
Ž . pŽŽ .n.Schrodinger operator i  is the Laplacian on L  , , with¨
Dirichlet or Neumann boundary conditions, does not generate an -times
1 1integrated group for any  r . This implies that the lower bound rp, n p, n2 2
for m 1 is best possible, and that i is not the generator of a strongly
Ž . pŽŽ .n.continuous group i.e., 0-times integrated group on L  , .
In this article, we consider the iA for arbitrary mN, given ap
bounded . Our main purpose is to present some results of wellposedness
Ž .for 1.1 . As a by-product, we show that iA is the generator of ap
Ž .r pŽ . A -regularized group on L  forp
1
	 r , if 1 p ,p , n2m
r 1.2Ž .1
 r , if p 1,. p , n2m
As one will see, the wellposedness results given here, which are obtained
Ž .only by using the classical C groups on certain interpolation spaces , are0
better than those derived from the regularized groups or integrated groups
pŽ .on L  .
1 Ž .Open Question. Is the lower bound r in 1.2 , for m 2, 3, . . . ,p, n2m
best possible?
In the following discussion, we restrict ourselves, for the sake of brevity,
to the Dirichlet boundary conditions. The case of Neumann boundary
conditions can be treated in a similar way.
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2. PRELIMINARIES
We will denote by N, R, and C the set of natural, real, and complex
numbers, respectively. E and F will be Banach spaces and A a linear
Ž . Ž . Ž .operator in E. We write D A , R A , and 	 A for the domain, range,
and resolvent set of A, respectively. By F E, we mean F E and F is
continuously embedded in E, and by A the part of A in F, that is,F
D A  xD A  F ; Ax F , 4 Ž .Ž .F
A x Ax , for all xD A . Ž .F F
 Ž . Ž .When A is closed, we write D A for the Banach space D A with the
     graph norm x  x  Ax . The space of all bounded linear DŽ A.
Ž . Ž . Ž .operators from E into F will be denoted by L E, F and L E  L E, E .
kŽ .C R, E stands for the set of all k-times continuously differentiable
 4 Ž . 0Ž .E-valued functions on R for each kN 0 ; C R, E  C R, E .
Let C be a bounded and injective operator on E satisfying C1AC A.
Ž .DEFINITION 2.1. A is the generator of a exponentially bounded C-
Ž .  Ž . Ž .regularized semigroup if a,  
 C; 
 A is injective, R C 
Ž . Ž .1 Ž .4R 
 A and 
 A C L E for some a	 0 and there exists a
Ž .  . Ž .  Ž . at Ž .strongly continuous function S  : 0,  L E with S t Me t	 0
for some M	 0 such that
1 
 t
 A Cu e S t u dt , 
 a, u E.Ž . Ž .H
0
 Ž .4In this case, S t is called the C-regularized semigroup generatedt	 0
by A.
Ž .DEFINITION 2.2. A is the generator of a exponentially bounded C-
Žregularized group if each of A and A is the generator of a exponentially
.bounded C-regularized semigroup. Put
S t , if t	 0,Ž .
S t Ž . ½ S t , if t 0,Ž .
Ž .  Ž .4where S t is the C-regularized semigroup generated by A. S t ist R
called the C-regularized group generated by A.
Ž .  Ž .4When C I the identity , S t is a C group.t R 0
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Ž . 1Ž .DEFINITION 2.3. A function u   C R, E is a solution of the Cauchy
problem
u t  Au t , t R ,Ž . Ž .
2.1Ž .½ u 0  u ,Ž . 0
Ž . Ž . Ž .if u t D A for all t R, and 2.1 holds.
Ž . nLet x x , x , . . . , x be a variable point in R and set1 2 n
x x1 x2  xn ,1 2 n
 1  2  n
D   ,
  1 2 n x  x  x1 2 n
        .1 2 n
Ž .Here  stands for the multi-index  ,  , . . . ,  .1 2 n
Let  be a bounded domain of Rn with boundary  and let mN.
Of concern is the higher order differential operator
m
 A x , D  D a x D .Ž . Ž .Ž .Ý Ý 
k0       k
It is assumed throughout that
Ž . Ž     .1 For each  ,  0    m ,
 a   C  , a x  a x for all x ,Ž . Ž . Ž . Ž .  
   and when n 2, each of a for    m is real-valued.
Ž . Ž .2 A x, D is uniformly strongly elliptic; i.e., there exists a constant
b 0 such that for all x,  Rn,
m 2 m   1 Re a x   	 b  .Ž . Ž .Ý ½ 5
      m
Ž . 2 m3  is of the class C .
Ž . pŽ . Ž .With A x, D we associate a linear operator A in L  1 p p
as
A u A x , D u for all uD A W 2 m , p  W m , p  .Ž . Ž . Ž .Ž .p p 0
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By virtue of Agmon et al. 1 , we see that for each 1 p , A isp
pŽ .the generator of an analytic semigroup on L  . It follows that
 4
 C; Re 
	   	 A 2.2Ž . Ž .2
for some  0, and that
A  A 1 q p  2.3p Ž . Ž .Ž .p q L 
pŽ . qŽ . Ž . Ž .since L   L  , A  A , and 	 A  	 A .p q p q
3. THE CASE 2 p 
Ž .Let  be the constant in 2.2 . Set
Ž .Ž .n2 m 121pE  D  A , 2 p ,Ž .ž /p 2
B  A , 2 p .p 2 Ep
 .THEOREM 3.1. Fix p 2, . Then
Ž . pŽ .i E  L  .p
Ž .ii B  A and iB generates a C group of contractions on E .p p p 0 p
Ž . ŽŽ .Žn2 m.Ž121 p.1. Ž .iii For each u D  A , 1.1 has a unique0 2
solution
u   C1 R , L p   C R , W 2 m , p  W m , p Ž . Ž . Ž . Ž .Ž . Ž .0
satisfying
Ž .Ž .n2 m 121p
p 2   u t  const  A u , t R .Ž . Ž .L Ž . L Ž .2 0
Proof. For convenience, we set
n 1 1
n p , m   , p 2, .Ž . .ž /2m 2 p
Ž . Ž .rBy 2.2 we know that for any r R,  A is well defined and2
r 2 A  L L  , r 0. 3.1Ž . Ž . Ž .Ž .2
 Let r be the integer part of a real number r. Then it is clear that
 p , m  n p , m  n p , m  0, 1Ž . Ž . Ž . .
  Ž . Ž .and there exists a unique p  2, p such that n p , m   p, m .0 0
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ŽBy virtue of the Hilbert theory of interpolation spaces cf. Lions and
   .Magenes 9 , Peetre 10 , we obtain
Ž . p , m 2D  A  D A , L Ž . Ž . Ž .ž / Ž .2 2 1 p , m
2 m 2 H  , L Ž . Ž . Ž .1 p , m
H 2 m Ž p , m.  .Ž .
So
Ž . p , m p0R  A  L  ,Ž . Ž .ž /2
Ž . Ž p, m.by the Sobolev embedding theorem. Accordingly,  A is a2
2Ž . p0Ž . Ž . Ž p, m. Ž 2Ž ..closed operator of L  to L  since  A  L L 2
p0Ž . 2Ž .and L   L  . Whence
Ž . p , m 2 p0 A  L L  , L  3.2Ž . Ž . Ž . Ž .Ž .2
by the closed graph theorem. Moreover, from
Ž . p , m p0D A R  A  L Ž . Ž . Ž .ž /2 2
it follows immediately that
	 A  	 A   , . 3.3Ž . . Ž .Ž .p 20
Ž .When n p, m  1, then p p . For the otherwise case, we observe0
 Ž .  that for 1 i n p, m , there exists a unique p  p , p such thati 0
Ž . Ž .n p , m   p, m  i. A simple calculation showsi
npi1
p   p , 1 i n p , m .Ž .i i1n 2mpi1
This implies
2 m , p pi1 iD A W   L  , 1 i n p , m ,Ž . Ž . Ž .Ž .pi1
Ž .by the Sobolev embedding theorem again. Therefore, recalling 3.3 about
 Ž .A we establish by an induction argument that for every 1 i n p, m ,p0
	 A  	 A   , . 3.4. Ž .Ž . Ž .p pi i1
SCHRODINGER-TYPE EVOLUTION EQUATIONS¨ 61
Ž .Moreover, the similar reasoning as in proving 3.2 on A yields that2
1 p pi1 i A  L L  , L  . 3.5Ž . Ž . Ž .Ž .Ž .pi1
Ž . Ž .  Ž . Ž .Clearly, n p , m   p, m  n p, m  n p, m . SonŽ p, m.
p  p. 3.6Ž .nŽ p , m.
Ž . Ž .Combining 3.2  3.6 together, we deduce
	 A  	 A   , , 3.7Ž . . Ž .Ž .p 2
 Ž .n p , m
1Ž . Ž .n p , m  p , m
 A   A  AŽ . Ž .Ž .Ł2 p 2k
k0
 L L2  , L p  . 3.8Ž . Ž . Ž .Ž .
Ž . Ž .It is evident that 3.8 implies part i .
Ž .  pClearly B  A , by i and the fact A  A . We observe that Ap p p 2 L Ž . 2
Ž .is selfadjoint by its symmetry and 2.2 . Stone’s theorem asserts therefore




 iA u e S t u dt , 





 iA u e S t u dt , 
 0, u L  .Ž . Ž . Ž .H 2 2
0
Ž . Ž .Put T t  S t , t R. Then for any u E ,p 2 E pp
Ž . Ž .n p , m n p , mT  u  A S   A u  C R , E , 3.10Ž . Ž . Ž . Ž . Ž .Ž .ž /p 2 2 2 p
and for t	 0,
Ž .n p , m
2 2     T t u   A S t u  S t uŽ . Ž . Ž . Ž .E L Ž . L Ž .p 2 2 2p
  u . 3.11Ž .Ep
Ž . Ž . Ž .1One can see by 3.9  3.11 that for every u E , 
 iA u Ep 2 p
Ž  4.  4 Ž .
 R  0 . This implies that for each 
 R  0 , 
 	 iB andp
11

 iA  





 iB u e T t u dt , 





 iB u e T t u dt , 
 0, u E .Ž .Ž . H p p p
0
Ž .This shows part ii . Noting
Ž .n p , m 1D B D  A ,Ž .Ž . ž /p 2
Ž .we justify part iii immediately.
n 1 1 . Ž .THEOREM 3.2. For any p 2, and r	  , iA generates ap2m 2 p
Ž .r pŽ .uniformly bounded  A -regularized group on L  .p
Ž . Ž .Proof. Recalling 3.7 and the statement above 2.2 , we know that
Ž .r A is well defined, and so we deducep
1r 1r A  
  
 A d




Ž .H p2 i 
r  A , 3.12Ž .Ž .p
i i Ž .where  runs from e to e for some  , , avoiding the origin2
and the negative real axis. Write
r
S t  S t  A , t R .Ž . Ž . Ž .p 2 p
Ž . pŽ .Then Theorem 3.1 i implies that for each u L  ,
r pS  u  A S  u C R , L  ,Ž . Ž . Ž . Ž .Ž .p 2 2
r
p 2   S t u  const  A S t uŽ . Ž . Ž .L Ž . L Ž .p 2 p
  2 const S t uŽ . L Ž .2
  2 const u L Ž .
  p const u , t R .L Ž .
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 iA  A uŽ . Ž .p p
r1 
 t 




 iA  A u e S t u dt .Ž .Ž . Ž . Hp p p
0
The proof is then complete.
Remark 3.3. It is known that A generating an r-times integrated group
Ž .r Ž Ž ..is equivalent to A generating a a A -regularized group a 	 A ,
 4whenever rN 0 . It seems unknown whether the statement holds
Ž . Ž .r Ž . Ž .true for r 0, N. A a A -regularized group S  r	 0 gen-
Ž . Ž .erated by A produces unique solutions u  of 2.1 for all u 0
ŽŽ . r1.D a A satisfying
r
     u t  S t a A u , t RŽ . Ž . Ž . 0
Ž  .cf., for example, 4, 12 . An r-times integrated group with rN gives
Ž . Ž . Ž .when the generator A is densely defined unique solutions u  of 2.1 for
ŽŽ . r1. Ž .all u D b A for each  0 satisfying0
r t   u t M e a A u , t R ,Ž . Ž . 0
Ž  where b,  are constants and M depends on  cf. 11 and references
.therein . In view of this observation, we see that regularized groups yield
nicer wellposedness results for Cauchy problems than integrated groups in
Ž .some sense. On the other hand, we note that the conclusion iii of
Theorem 3.1 is better than the wellposedness result given by the regular-
ŽŽ .Žn2 m.Ž121 p.1.ized group in Theorem 3.2, since D  A is larger2
ŽŽ .Žn2 m.Ž121 p.1. Ž .Žn2 m.Ž121 p.than D  A and the norm  Ap 2
 2 Ž .Žn2 m.Ž121 p.  p is weaker than  A  . The same com-L Ž . L Ž .p
Ž .ment applies to Theorem 4.1 iii and Theorem 4.2 in the next section.
4. THE CASE p 
Ž . Ž .Let  be the constant in 2.2 . For  0, 1 , set
n 4mE  D  A ,Ž .Ž . ,  2
B  A . ,  2 E ,
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Ž .THEOREM 4.1. Fix  0, 1 . Then
Ž . Ž . Ž .i E  C   L  ., 
Ž .ii iB generates a C group of contractions on E .,  0 , 
Ž .iii For each
n 14mu D  A ,Ž .Ž .0 2
1Ž . Ž . Ž Ž ..1.1 has a unique solution u   C R, C  satisfying
     u t  u t  const u , t R .Ž . Ž .CŽ . L Ž . E0  ,
nProof. When  1, we have that4m
n n nŽ . Ž .     2 m 4m 4 m 2R  A R  A H   C Ž . Ž . Ž . Ž .ž / ž /2 2
n 4by the Sobolev embedding theorem, where 0  min  , 1 .4m
Therefore
nŽ .  2 2 4m A  L L  , C   L L  , L  . 4.1Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .2
nŽ .Next, we show that 4.1 holds also for the case of 	 1. Denote by p*4m
Ž .the unique number in 2,  such that
n n 1 1
    1. 4.2Ž .ž /4m 2m 2 p*
nThen 2m  0. This suggestsp*
2 m , p*W   C Ž . Ž .
Ž .by the Sobolev embedding theorem again. So we get, recalling 3.7 , that
1 2 m , p* m , p*R  A D A W  W Ž . Ž .Ž . Ž .ž /p* p* 0
 C   L  ,Ž . Ž .
which implies
1 p* p*  A  L L  , C   L L  , L  .Ž . Ž . Ž . Ž .Ž . Ž .Ž .p*
nŽ . Ž . Ž .This together with 3.8 and 4.2 gives 4.1 for the case of 	 1. So part4m
Ž .i is proved.
The rest of the proof of Theorem 4.1 is omitted as it is similar to the
proof of Theorem 3.1.
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We define
A  A , A  A , Ž .C 2  2 L Ž .C 
and for any r R,
r r r r
 A   A ,  A   A .Ž . Ž .  Ž . Ž . Ž . Ž .C 2  2C  L 
It can be seen easily that the above definition of fractional powers is
Ž .consistent with the usual definition if definable in this case . For general
information on fractional powers of operators in Banach spaces, please
 see, e.g., 3, 8 .
nTHEOREM 4.2. Let r . Then4m
Ž . Ž .ri iA generates a uniformly bounded  A -regularized groupC C
Ž .on C  .
Ž . Ž .rii iA generates a uniformly bounded  A -regularized group 
Ž .on L  .
Proof. Proceeding as in the proof of Theorem 3.2, we get the desired
result.
5. THE CASE 1 p 2
Ž .Let  be the constant in 2.2 . Define
	A  A .1 C 1Ž .L 
 Ž .  .2It is not difficult to verify that A  A and 	 A  , . We also2 1 L Ž . 1
define
r r
 A   A * , r R , 5.11Ž . Ž .  Ž .Ž . Ž .1 C L 
Ž .which is consistent with the usual definition if definable of fractional
powers.
As a direct consequence of the fact that iA is the generator of a C2 0
2Ž . 2Ž . pŽ .  2group of unitary operators on L  , L   L  and A  A ,2 p L Ž .
we obtain
 . Ž . Ž .THEOREM 5.1. Let p 1, 2 . For each u D A , 1.1 has a unique0 2
Ž . 1Ž Ž ..solution u   C R, D A satisfyingp
  p   2u t  const u , t R .Ž . L Ž . L Ž .0
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Remark 5.2. It is worthwhile to note that, with respect to the well-
Ž . pŽ .posedness of 1.1 in L  , the above result is stronger than that given by
pŽ .the regularized groups and integrated groups on L  , in view of
Remark 3.3 and the following Theorem 5.3.
Ž . Ž .  ŽŽ .Žn2 m.Ž1 p12..THEOREM 5.3. i If p 1, 2 , then D  A p
2Ž .L  .
nr 2Ž .  ŽŽ . . Ž .ii D  A  L  for r .1 4m
p q 2Ž . Ž . Ž .Proof. Write q . Then q 2, . Since L   L  andp 1
 qA  A , it follows thatq 2 L Ž .
11 1	 	 A   A   A ,   ,Ž . Ž . .Ž .2 2 q
Ž . Ž .by 3.7 . On the other hand we have, by 2.3 and the statement above
Ž .2.2 , that
11
 A   A ,   , ,Ž . .Ž .2 p 0
2Ž . Ž qŽ .. pŽ .for some  	 . Therefore, the density of L  in L  * L 0
implies that
	A  A , 	 A   , ..Ž .q p p
Ž . Ž . Ž .Thus we deduce, using 3.8 and 3.12 with q in place of p , that
r p 2 A  L L  , L  . 5.2Ž . Ž . Ž .Ž . Ž .p
Ž .This proves part i .
Ž . Ž . Ž .Part ii is a consequence of 4.1 and 5.1 .
Ž . Ž .THEOREM 5.4. i If p 1, 2 , then iA generates a uniformly boundedp
n 1 1r pŽ . Ž . Ž . A -regularized group on L  for all r	  .p 2m p 2
Ž . Ž .rii iA generates a uniformly bounded  A -regularized group1 1
n1Ž .on L  for all r .4m
n 1 1Ž . Ž . Ž Ž ..Proof. Fix p 1, 2 and r	  . Write noting Theorem 5.3 i2m p 2
r
S t  S t  A , t R .Ž . Ž . Ž .p 2 p
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pŽ . Ž . Ž 2Ž ..Then for each u L  , S  u lies in C R, L  and hence inp
Ž pŽ .. 2Ž . pŽ .C R, L  , since L   L  ; moreover
  p   2S t u  const S t uŽ . Ž .L Ž . L Ž .p p
r
2  const  A uŽ . L Ž .p
  p const u L Ž .
Ž . Ž . Ž .by 5.2 . This observation enables us to verify part i by means of 3.9 .
Ž .The same reasoning establishes part ii .
6. EXAMPLES
EXAMPLE 6.1. Let n 4. Assume that  Rn is a bounded domain of
class C4. Consider the initial-boundary value problem
u t , xŽ .
2 i u t , x , t R , x ,Ž .
 t
u 0, x  u x , x ,Ž . Ž . 6.1Ž .0
u
u    0, t R ,   
pŽ . Ž .in the space L  2 p  , where  denotes the outer normal vector
on .
Set
A  2 , D A W 4, p  W 2, p  .Ž . Ž .Ž .p p 0
n 1 1 1Noting   for m 2 and n 4, we have by applying Theorem2m 2 p 2
6Ž . Ž .3.1 that for any initial value u H  , the problem 6.1 has a unique0 0
solution
u   C1 R , L p   C R , W 4, p  W 2, p Ž . Ž . Ž . Ž .Ž . Ž .0
satisfying
  p   2   2 , pu t  const u  const u , t R .Ž . L Ž . H Ž . W Ž .0 0
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Ž . 2Ž  . Ž . Ž .EXAMPLE 6.2. Let a   C 0, 1 , R with a x  0 0 x 1 . We
consider the problem
u t , x  Ž .   i a x u t , x , t R , x 0, 1 ,Ž . Ž .ž / t  x  x
 6.2Ž . u 0, x  u x , x 0, 1 ,Ž . Ž .0u   0, t R ,x0, 1
 in the space C 0, 1 .
Set
 
A  a x ,Ž .2 ž / x  x
2   1 D A H 0, 1 H 0, 1Ž .2 0
1    C 0, 1 ;   is absolutely continuous,
2     L 0, 1 and  0  1  0 ,4Ž . Ž .
A  A .  C 2 C 0, 1
Ž . 2   It can be checked that D A  C 0, 1 and the graph norm  is DŽ A .C C
n 1
2 equivalent to  . Since  for m n 1, we obtain by applyingC 0, 1 4m 2
Theorem 4.1 that for any
2  u    C 0, 1 ;   is absolutely continuous,0
2   Ž i. Ž i.  L 0, 1 and  0  1 i 0, 1, 2 ,4Ž . Ž . Ž .
Ž .6.2 admits a unique solution
1   2  u   C R , C 0, 1  C R , C 0, 1Ž . Ž . Ž .
satisfying
    1   1u t  const u  const u , t R .Ž . C 0, 1 H 0, 1 C 0, 10 0
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